Abstract. We produce for each natural number n ≥ 3 two 1-parameter families of Riemann surfaces admitting automorphism groups with two cyclic subgroups H 1 and H 2 of orden 2 n , that are conjugate in the group of orientationpreserving homeomorphism of the corresponding Riemann surfaces, but not conjugate in the group of conformal automorphisms. This property implies that the subvariety Mg(H 1 ) of the moduli space Mg consisting of the points representing the Riemann surfaces of genus g admitting a group of automorphisms topologically conjugate to H 1 (equivalently to H 2 ) is not a normal subvariety.
Introduction
When we consider a group G and say that G acts on a Riemann surface S, we are saying that there exists a group monomorphism from G to Aut(S), where Aut(S) is the group consisting of the self-maps of S (automorphism or bi-holomorphic map) which preserve the complex structure.
Two subgroups, say H 0 , H 1 < Aut(S) are said to be conformally equivalent (respectively, topologically equivalent ) if there exists an automorphism (respectively, an homeomorphism) t : S → S so that tH 0 t −1 = H 1 . It is clear from the definition that any two conformally equivalent subgroups are topologically equivalent, but the reciprocal is in general false. G. González in [5, 6] proved that if H 0 and H 1 are cyclic groups of order p prime, S/H 0 is the Riemann sphere and H 0 and H 1 are topologically equivalent, they should be conformally equivalent. Continuing with the cyclic case for a group of prime order, a relationship between two topologically equivalent actions for the generating vectors is given by J. Gilman in [9] . The case where the group is cyclic, a relationship between the local structure for the automorphisms with fixed points and the epimorphism associated to the action is given by W. Harvey in [10] . Later in [8] , G. González-Diez and R. Hidalgo give an example of two actions of Z/8Z on a family of compact Riemann surfaces of genus 9 that are directly topologically, but not conformally, equivalent, except for finitely many cases.
Studying the classification of actions contributes to the understanding of the properties of the moduli space M g . For a compact Riemann surface S 0 of genus g, consider the subgroup H 0 ≤ Aut(S 0 ), the set X(S 0 , H 0 ) = (S, H) : ∃t ∈ Homeo + (S 0 , S) , tH 0 t −1 = H Date: December 21, 2010. Special thanks to my advisor Rubí Rodríguez.
1 and the equivalence relation: (S 1 , H 1 ) ∼ (S 2 , H 2 ) if and only if there is φ ∈ Isom(S 1 , S 2 ) so that φH 1 φ −1 = H 2 . We denote by M g (H 0 ) the quotient space defined by the above relation. This turns out to be a normal space. Consider M g the moduli space associated to S 0 , that is, a model of moduli space of genus g. Let M g (H 0 ) = {[S] ∈ M g : ∃t ∈ Homeo + (S 0 , S) , tH 0 t −1 < Aut(S)}. The forgetful map is defined by
As is well known, M g (H 0 ) is the normalization of M g (H 0 ). Moreover, P is not bijective if only if there exists a compact Riemann surface S of genus g admitting two groups of automorphisms H 1 and H 2 which are directly topologically, but not conformally, conjugate to H 0 . For further details, see [7] .
Section 2 contains an overview of definitions and relevant results about automorphisms of Riemann surfaces and Fuchsian groups.
Section 3 contains some our contribution to the problem of the classification of actions. For cyclic groups, Theorem 3.2 gives a condition on the generating vectors under which two actions are directly topologically equivalent. Also, we generalize a result due to Harvey [10, Theorem 7] . Section 4, inspired by the paper of G. González-Diez and R. Hidalgo [8] , we produce for each n ∈ N the families S 1 and S 2 . By definition, S i with i = 1, 2 , consists of the Riemann surfaces of genus 3(2 n − 1) defined by f a,λ (x, y) = y
When i = 1 (resp. i = 2), the automorphism group for the elements of S 1 (resp. S 2 ) is Z/2 n+1 Z × Z/2Z (resp. Z/2 n+1 Z ⋊ h Z/2Z). In both cases, there exist two cyclic subgroups which define directly topologically, but not conformally, equivalent actions.
Preliminaries
We say σ is a holomorphic map of Riemann Surfaces from S 1 to S 2 if, for each P ∈ S 1 , (U, φ) chart centered at P and (V, ψ) chart centered at Q = σ(Q) ∈ S 2 , then we have ψ • σ • φ −1 is a holomorphic function. The order at zero for this holomorphic function it is called the multiplicity at P . When the multiplicity at P is greater than or equal 2 we say P is a ramification point of σ. The point Q = σ(P ) is called branch point of σ.
For a bijective holomorphic map, σ : S 1 −→ S 2 , we say σ is a bi-holomorphic map or a isomorphism between Riemann surfaces. When S 1 = S 2 we say σ is an automorphism of S. From now on, Isom(S 1 , S 2 ) (respectively Aut(S)) denotes the isomorphisms set between S 1 and S 2 (respectively automorphism of S). Let S be a compact Riemann surface of genus g ≥ 2. For each P ∈ S, consider the subgroup of Aut(S) given by Aut(S) P = {σ ∈ Aut(S) : σ(P ) = P } , called stabilizer subgroup. Now let (U, φ) be a chart centered at P , and σ ∈ Aut(S) P then we have
and we define
Theorem 2.1. The map δ P is a group monomorphism. Further, Aut(S) P is a cyclic finite subgroup of Aut(S).
The proof of this theorem can be found in [16] . Note that for τ ∈ Aut(S) and σ ∈ Aut(S) P we have τ
2.1. Fuchsian groups. Let ∆ denote the unit disk {z : |z| < 1} and let Aut(∆) be the group of Möbius transformations self-mappings of ∆. A Fuchsian group is a discrete subgroup Γ of Aut(∆). Let P SL(2, C) denote the Möbius transformations group and let T be a Möbius transformation. If T = 1 then T has one or two fixed point. If T has one fixed point, it is called parabolic transformation. Now let Υ be a subgroup of P SL(2, C). We say that Υ acts properly discontinuously at z 0 ∈ C provided that the stabilizer subgroup of Υ at z 0 , Υ z0 , is finite, and there exists a neighborhood U of z 0 such that
Denote by Ω(Υ) the region of discontinuity of Υ, that is, the set of point z 0 ∈ C such that Υ acts properly discontinuously at z 0 . The complement of set Ω(Υ) is denote by Λ(Υ) and call the limit set of Υ. A Fuchsian group Γ (acting on the unit disk ∆) must satisfies that ∆ ⊂ Ω(Γ).
Let Γ be a Fuchsian group. Since Γ acts on ∆, we may consider the natural projection π Γ : ∆ −→ ∆/Γ O = ∆/Γ has a Riemann orbifold structure, that is, (i) an underlying Riemann surface structure O so that π Γ : ∆ → O is a holomorphic map; (ii) a discrete collection of cone points (branch points of π); and (iii) at each cone point p a cone order; this being the order of the stabilizer cyclic subgroup of any point q so that π(q) = p. If Γ is torsion-free such that Λ(Γ) = S 1 then Π 1 (O) ∼ = Γ, and O has not cone point. Furthermore let Γ ′ be a Fuchsian groups such that Γ ′ is torsion-free and Λ(Γ ′ ) = S 1 . Then S = ∆/Γ and S ′ = ∆/Γ ′ are isomorphic Riemann surfaces if only if there exists T ∈ Aut(∆) such that Γ ′ = T ΓT −1 . If Γ is finitely generated, without parabolic transformations and Λ(Γ) = S 1 , then O is a compact Riemann surface of some genus γ and there are a finite set of cone points. Furthermore if Γ torsion-free then the genus of ∆/Γ is at less 2. If Γ is finitely generated, without parabolic transformations and Λ(Γ) = S 1 , whose underlying Riemann surface has genus γ and the cone orders are m 1 , · · · , m r , then we define its signature (for both, Γ and O) as the tuple (γ; m 1 , · · · , m r ).
The holomorphic map π Γ is called a branched covering of type (γ; m 1 , · · · , m r ). When a Fuchsian group Γ has signature (γ; m 1 , · · · , m r ), there is a presentation associated for the group Γ, this is, there exist a 1 , b 1 , · · · , a γ , b γ , x 1 , · · · , x r ∈ Γ such that Γ has a presentation:
Further, we have that for each j, the subgroup generate for < x j > is a maximal finite cyclic subgroup. Moreover, this subgroup is the Γ− stabilizer of a unique point in ∆, and each element of finite order in Γ is conjugate to a power of some
, say x j is a positive minimal rotation (respectively nonpositive minimal rotation). We say that x j is a minimal rotation in any these cases. According to the paper of L.Keen [12] (also see [11, Theorem 4.3 .2]) we may construct for Γ a hyperbolic polygon with 4γ + 2r sides. Associated to this hyperbolic polygon we may find a presentation for Γ as (2.1) such that for each j = 1, .. , r x j is a positive minimal rotation. We remark that for every signature (γ; m 1 , m 2 , · · · , m r ) such that
there exists Γ a Fuchsian group, uniquely determined up conjugation in Aut(∆), with this signature. For more details see [14] , [4] , [11] and [15] .
Consider two Fuchsian groups Γ 1 , Γ 2 . We say that Γ 1 is geometrically isomorphic to Γ 2 if there exists a self-homeomorphism of ∆, say T ∈ Homeo (∆), and a group isomorphism χ : Γ 1 → Γ 2 such that for all x ∈ Γ 1 the following holds
We also say that the group isomorphism χ : Γ 1 → Γ 2 can be realized geometrically if there exists T ∈ Homeo (∆) such that the previous condition is true.
Theorem 2.2. Let χ : Γ 1 −→ Γ 2 be an isomorphism between finitely generated Fuchsian group, both without parabolic elements, with Λ(Γ j ) = S 1 , for j = 1, 2. Then χ is geometric.
The preceding theorem holds at the level of Non Euclidean plane Crystallographic groups (NEC groups), that is, finitely generated discrete subgroup of isometries of the hyperbolic disc containing no parabolic elements. For more details see [14, pag. 1201] . At this point it is important to note that two homeomorphism, say F 1 , F 2 : ∆ −→ ∆, defining the same isomorphism χ : Γ 1 −→ Γ 2 , must have the same orientability type. In fact, the homeomorphism F We remark that in general we may not assume the homeomorphism that realizes the isomorphism should be orientation preserving. An example of this situation is: let Γ be a Fuchsian group with signature (0; 5, 5, 5) the isomorphism χ : Γ → Γ given by χ(x j ) = x −1 j (for j = 1, 2 and notations as (2.1)).
2.2.
Actions on Riemann surfaces. Let ε : G → Aut(S) be an action of G on S, where S is a Riemann surfaces of genus at less 2 and G is a finite group. We may consider for each P ∈ S the stabilizer subgroup of P , this is
Since ε(G p ) ≤ Aut(S) P it follow of the theorem (2.1) that G P is a cyclic group. For the action ε : G → Aut(S) we have the natural projection π : S −→ S/ε(G). Using this projection we can give to S/ε(G) an complex structure. Hence S/ε(G) is a compact Riemann surfaces and π is a holomorphic map of Riemann surfaces. Further we have that P ∈ S is a ramification point of π if only if G P = {Id}, furthermore the multiplicity of P is |G P |. Then π is a smooth covering (unbranched covering) on the complement of a finite set, the ramification points set. We called to π a branched covering, and we say that π has a signature (γ; m 1 , · · · , m r ) , where γ is the genus of S/ε(G) , m j are the multiplicity of the ramification points, and r is the number of the branch points of π. Sometimes also we will say G acts on S with signature (γ; m 1 , · · · , m r ). For this notation we suppose
The following theorem give a relation between the action on Riemann surfaces theory and the Fuchsian group theory: Theorem 2.3. Let S be a compact Riemann surface of genus g ≥ 2 and let G be a finite group. There is an action ε of G on S with signature (γ; m 1 , · · · , m r ) if and only if there are a Fuchsian group Γ with signature (γ; m 1 , · · · , m r ) , an epimorphism θ ε : Γ → G such that K = ker(θ ε ) is torsion-free Fuchsian group, Λ(K) = S 1 and ∆/K is a Riemann surface isomorphism to S.
We have ∆/K is a Riemann surface isomorphic to S. Call f : ∆/K → S to this isomorphism and π K : ∆ → ∆/K to the natural projection. If X is the universal covering for S, then we may lift f to F : ∆ → X isomorphism of Riemann surfaces.
Equivalence of actions
Let S j be a Riemann Surface for j = 1, 2, and G be a group. The actions ε 1 , ε 2 of G on S 1 and S 2 respectively, are called topologically equivalent if there exist Φ ∈ Aut (G) and t ∈ Homeo (S 1 , S 2 ) such that the following diagram is commutative
where Ψ t (τ ) := t • τ • t −1 and Homeo (S 1 , S 2 ) is the group of homeomorphisms of S 1 on S 2 .
If t ∈ Homeo + (S 1 , S 2 ) then we say that ε 1 , ε 2 are directly topologically equivalent, where Homeo + (S 1 , S 2 ) is the group of orientation preserving homeomorphisms of S 1 on S 2 . Further if t ∈ Isom(S 1 , S 2 ) then we say that ε 1 , ε 2 are conformally equivalent.
If ε j is an action of G on S j , then by the theorem 2.3 there exist Γ j and K j Fuchsian groups and an epimorphism θ εj = θ j : Γ j → G such that K j = ker(θ j ). The following theorem we give a relation between θ 1 and θ 2 when the actions ε 1 and ε 2 are equivalents of some type.
Theorem 3.1. ε 1 is topologically equivalent to ε 2 (respectively directly topologically equivalent or conformally equivalent) if only if there exists T ∈ Homeo (∆) (respectively T ∈ Homeo + (∆) or T ∈ Aut(∆)) and a group isomorphism Φ :
Proof. For each j, call f j : ∆/K j → S j to the isomorphism between ∆/K j and S j given by the theorem 2.3. If ε 1 is topologically equivalent to ε 2 (respectively directly topologically equivalent or conformally equivalent) then there exists t ∈ Homeo (S 1 , S 2 ) (respectively t ∈ Homeo
. For x ∈ Γ 1 , according to the notation of the theorem 2.3, we have the following diagram:
Reciprocally we have Φ
) such that Φ = Ψ t and the actions are topologically equivalents (respectively directly topologically equivalent or conformally equivalent).
Remark that for S 1 = S 2 = S the actions ε 1 and ε 2 are topologically equivalents (respectively directly topologically equivalent or conformally equivalent ) if only if ε 1 (G) and ε 2 (G) are conjugate group in Homeo (S) (respectively in Homeo + (S) or Aut(S)).
3.1. Cyclic groups. Let G = Z/nZ be a cyclic group of order n. We consider G as the integers module n (G = {0, 1, · · · , n − 1} ) and Γ a Fuchsian group with signature (γ; m 1 , · · · , m r ) and presentation as (2.1). The following lemma was given by Kuribayashi (see [13, Lemma 3.1] ). Lemma 1. Let θ : Γ −→ G be a group epimorphism and assume that ν is a generator of G. Then for any permutation µ of {1, · · · , r} with m µ(j) = m j (j = 1, · · · , r), there exists an automorphism χ of Γ such that
Remark that in the article of Kuribayashi the automorphisms of Γ used to computed the automorphism χ are geometric induced by orientation preserving homeomorphism. Now on, no loss of generality consider the group epimorphism θ given by
where K = ker(θ) is a torsion free group. Hence, it follow Theorem 3.2. Let Γ, Γ ′ Fuchsian groups both with signature (γ; m 1 , · · · , m r ) and presentation as (2.1) according to your hyperbolic polygon associated. Consider the group epimorphisms θ, θ ′ as (3.1). If there exists an s ∈ Z with (s, n) = 1, such that
.., ξ r ), mod n then the actions induced by θ on ∆/K and by θ ′ on ∆/K ′ are directly topologically equivalent.
Proof. Suppose that we have the equation (3.2), then we may define the homomorphism Φ : Z/nZ −→ Z/nZ , given by Φ(1) = s. Then for each j we have
Since s and n are relative primes, Φ is an automorphism. We consider the following diagram
and then we have that the diagram is commutative. Since χ maps generators on generators, and these elements satisfy the same relation, we have χ is an isomorphism. Further by the commutative diagram
It follow of Theorem 3.1 that the actions induced by θ and by θ ′ are topologically equivalent. Our next claim is that the actions induced by θ and θ ′ are directly topologically equivalent. We have to construct according to [12] the hyperbolic polygons associated Γ and Γ ′ . Since x j and x ′ j are positive minimal rotation in the same angle, we have the automorphism χ is induced by a f ∈ Homeo + (∆).
Reciprocally consider ε and ε ′ actions on S and S ′ , respectively, such that the signature for the actions is (γ; m 1 , · · · , m r ). If ε is topologically equivalent to ε ′ then (according to the theorem 3.1) there exists T ∈ Homeo (∆) such that
Observe that this result is a generalization of a result of J. Gilman in which n is a prime number (See [9, Lemma 2, p. 54].) 3.2. Epimorphism and local structure. In [10] Harvey gives a relation between cyclic covering of Riemann sphere and the epimorphisms of Fuchsian group using the rotation angles. Our result gives a relation for any covering of Riemann sphere. As we have seen, for an action of a finite group G on a compact Riemann surface S (no loss generality consider G < Aut(S)), according to theorem 2.3 we have an epimorphism
is a torsion-free Fuchsian group and Γ is a Fuchsian group with the same signature that the action, and S is isomorphic to ∆/K. The following theorem we give a relation between the epimorphism θ, and the homomorphism δ P , for P fixed point of the action. Theorem 3.3. Let σ ∈ Aut(S) P ≤ Aut(S) of order n, and let
Then there is unique primitive complex nth root of unity ζ such that for all x ∈ L we have that x is conjugate to multiplication by ζ, R(z) = ζz, in Aut(∆). Furthermore ζ = δ P (σ).
The proof of this theorem can be found in [2] . Since ζ is a primitive complex nth root of unity, we may write ζ = ω j n where ω n = exp 2πi n and the numbers j and n are relative primes ((j, n) = 1). We call 2πji n the rotation angle for σ at P . Now we consider Γ with presentation as (2.1) according to your hyperbolic polygon associated. Recall x j is a positive minimal rotation. Consider z j the fixed point of
Furthermore by the preceding theorem we have δ Pj (θ(x j )) = ω mj .
Theorem 3.4. Let G be a subgroup of Aut(S), where G acts on S with signature (0; m 1 , · · · , m r ). The epimorphism θ is determined by the fixed points of the action and their stabilizer groups. In other words, if we consider x j and P j as before, then
where < τ j >= G Pj , and where the number ξ j is determined by the equations
Proof. Recall that for the fixed point P j we have G Pj is a cyclic group of order m j . Let τ j be a generator of G Pj . Then θ(x j ) = τ ξj j for some 0 < ξ j < m j this is because θ(x j ) ∈ G Pj . Since δ Pj is a group monomorphism and δ Pj (θ(x j )) = ω mj then
If we take another generator of G Pj , say τ j , then we may to do the same computations, hence
As τ j is a generator of G Pj , we have there exists 0 < t < m j such that τ j = τ t j thus we have
Remark that as θ is an epimorphism for the r−tuple (θ(
In general we say that the r−tuple (σ 1 , · · · , σ r ) ∈ G r is a generating vector for G of type (0; m 1 , · · · , m r ) if this satisfy the three preceding conditions replace θ(x j ) by σ j . Thus given the action on S we have a generating vector of type the signature of this action. The reciprocal is know as the Existence Riemann theorem. For more detail see [3] .
Families of Riemann surfaces with equivalent actions
In this section we produce for each n, two families of Riemann surfaces of genus 3(2 n −1) with group of automorphisms of order 2 n+2 and signature (0; 2 n+1 , 2 n+1 , 2 n , 2). For one of the families the group we will be abelian, and for the other it will be a semidirect product. In both cases, we will have that there exist two cyclic subgroups which define directly topologically, but not conformally, equivalent actions. 
where n, a ∈ N, λ ∈ C, and λ 4 = 1, 0. Then, for each odd number a and each λ, we have that f a,λ defines a Riemann surface S a,λ of genus 3(2 n − 1). Furthermore, the possible singular points for the homogeneous polynomial associated to f a,λ are case sign(2 n − 3a − 4) a condition singular points Proof. Observe that if 2 n − 3a − 4 = 0 then a is an even number. Moreover 2 n − 5 − 3a = 0 for some odd number a, if only if n is an odd number. Particularly if a = 1 then n = 3. We have two cases for the homogeneous polynomial associated to f a,λ .
(1) Case 2 n − 3a − 4 > 0. where for each j , h j is an holomorphic maps defined on an open subset of complex plane. • a = 1, 2 n − 3a − 5 = 0, then n > 3, since 2 n − 7 > 0 and 2 n − 8 = 0 . Then the singular points are {[1, 0, 0]} • a = 1, 2 n − 3a − 5 = 0, then n = 3, since 2 n − 7 > 0 and 2 n − 8 = 0. Then in this case F 1 has not singular points.
(2) Case 2 n − 3a − 4 < 0.
If a = 1 , we have that the singular points are
By the Normalization process we have the following charts for theses points where for each j , g j is an holomorphic maps defined on an open subset of complex plane. Now if a = 1 as 2 n − 3a − 4 < 0 then n ≤ 2. These cases are studied by G. González-Diez and R. Hidalgo in [8] . Now using the Normalization process we get a Riemann Surfaces of genus 3(2 n − 1). This is because we may define the holomorphic map π : S a,λ −→ C given by π(x, y) = x. Note that π has degree 2 n . The ramification point set of π is n − 3a − 4 < 0). The branch point set is π(B) = {0, ∞, ±λ, ±λ −1 , ±1}. For each P ∈ B we have the multiplicity of P is 2 n . By the Riemann-Hurwitz formula it follow the genus of S is 3 (2 n − 1).
The following theorem yields information about the automorphisms group of S a,λ . The interest of the theorem is in the assertion that for each Riemann surface S a,λ the automorphisms group is not trivial (except some cases).
Theorem 4.2. Let τ 1 , τ 2 be the self-maps of S a,λ defined by
where c is a natural number determined by the equation c · 2 n−1 = 2a + 2. Then τ 1 , τ 2 ∈ Aut(S a,λ ) and they have order 2 n+1 each. Furthermore depending on the values for a we have:
(1) If c is an even number, then G 1 =< τ 1 , τ 2 > is an abelian group, isomorphic to Z/2 n+1 Z × Z/2Z. We call S 1 the corresponding family of surfaces.
We call S 2 the corresponding family of surfaces.
Proof. It is not difficult to check that f a,λ (τ 1 (x, y)) = 0 and f a,λ (τ 2 (x, y)) = 0. Note that τ n , since ω 2 2 n+1 is a 2 n -th primitive root of unity, therefore τ 1 and τ 2 has order 2 n+1 . Now we consider the homogeneous coordinates for τ 1 , τ 2 . They are given by
To prove that τ 1 , τ 2 ∈ Aut(S a,λ ), we must prove that for any charts (U, ϕ),
, is a holomorphic function (on some subset of C). We will do the computations for τ 2 at P 0 and suppose 2 n − 3a − 4 > 0. Using the chart at P 0 (see table 2, theorem 4.1) we have
then τ 2 (P 0 ) = Q 0 . Now consider the chart at Q 0 given in the table 2, theorem 4.1. Then
where ω is a 2 n -th root of unity (we recall that t 2 n = s 2 n ). Therefore, the map is a holomorphic function. It is not difficult to verify the preceding process for the other charts. Recalling that 2 n−1 c = 2a + 2, we have
, c is an even number
It is not difficult compute the elements of the group generated by τ 1 and τ 2 . The cardinality of this group is 2 n+2 . If c is an even number then the group is abelian. It is not difficult prove that the group < τ 1 , τ 2 > is isomorphic to Z/2 n+1 Z × Z/2Z. In this case we call G 1 =< τ 1 , τ 2 >. Now if c is an odd number then the group < τ 1 , τ 2 > is isomorphic to Z/2 n+1 Z ⋊ h Z/2Z. In fact, the element ν = τ 2 n−1 −1 1 τ 2 has order 2 and we may define h :< ν >→ Aut(< τ 1 >) given by h(ν)(τ 1 ) = τ 2n+1 1
. In this case we call G 2 =< τ 1 , τ 2 >.
We remark that for a = 1 as c ∈ Z then n ≤ 3. If n < 3 then c is an even number and theses cases were studied [8] . If n = 3 then c = 1. Furthermore we conclude that the case (3) in the table 1, theorem 4.1, it has not automorphisms of type τ j for j = 1, 2. For the case (2) in the table 1, theorem 4.1, also it has not automorphisms of type τ j for j = 1, 2.
By the preceding theorem for S 1 ∈ S 1 we have that the group Z/2 n+1 Z×Z/2Z ≃ G 1 acts on S 1 . Now we are interest in compute the signature of this action and the signature of yours subgroups. The following theorem summarize this information. τ 2 has 2 n+1 fixed points).
Furthermore, we have that the group G 1 acts on S 1 with signature (0; 2 n+1 , 2 n+1 , 2 n , 2) and that G 1 = Aut(S 1 ), except for finitely many S 1 ∈ S 1 .
Proof. We will compute the fixed points. If τ j τ 2 has fixed point then j = 3 · 2 n−1 c − 1 or j = 2 n−1 c − 1. Since c is an even number then
. In this case the fixed points on
It is not difficult to compute for each H j the signature using Riemann Hurwitz formula. Let Γ be a Fuchsian group with the above signature. By Singerman [17] , there is no other Fuchsian group with signature of the form (0; a, b, c, d) that contains it strictly. It follows that it may only be contained in a triangular signature. Hence by dimension arguments, Γ cannot be contained strictly in other subgroup as finite index subgroup except for a finite number of possibilities (up to conjugation by Möbius transformations). Therefore, the family of Riemann surfaces does not have any other automorphisms than those of G 1 , except for finitely many S 1 ∈ S 1 .
We can now state the analogue of the preceding theorem for S 2 ∈ S 2 .
Theorem 4.4. The cyclic subgroups of G 2 acting with fixed points (different) are given as follows:
n fixed points).
The proof is similar to that theorem 4.3. Recall that in this case c is an odd number. Then the equation (4.2) is not true. Therefore there exist two subgroups of order 2 that it has fixed points. It is not difficult prove that these groups are conjugate. For any these case it has 2 n fixed points and the same signature.
For all P fixed point given by the theorems 4.3 and 4.4 we may compute the value of δ P . According the remarks of the theorem 4.2 we have just 3 cases to compute. In the table 1 ( theorem 4.1) they are: case (1), case (4) and case (5) . Remark that the case (6) was study in [8] .
Case (1) . n = 3 , a = 1 , c = 1
j∞ is an odd number
c is an even number order τ P local auto.
c is an even number
c is an odd number
4.1. Geometric presentation. We have showed that, for each S 1 ∈ S 1 , the group
acts on S 1 with signature (0; 2 n+1 , 2 n+1 , 2 n , 2). For this action, we have that the 4-tuple
is a generating vector. Using the polygon method [1] , according to signature, we find a presentation for G 1 . We thus obtain the polygon 
The reader should keep in mind that we are in the case where c is an even number and 2 n−1 c = 2a + 2. It is not difficult to verify that j = 2 n−1 c − 2. The following proposition is a consequence. Proposition 1. G 1 has a presentation of the form (4.3)
where c is an even number.
Proof. Call G 1 to a group with presentation (4.3). First we may see that
n−1 −1 1 D 2 and it has order 2. Now we have
Then G 1 is an abelian group of order 2 n+2 . Furthermore G 1 is isomorphic to G 1 . This is because we may define an isomorphism Φ given by Φ(D 1 ) = τ 1 and Φ(D 2 ) = τ 2 .
Also we have showed that, for each S 2 ∈ S 2 , the group
acts on S 2 with signature (0; 2 n+1 , 2 n+1 , 2 n , 2). For this action, we have that the 4-tuple (τ
is a generating vector. As before, using the polygon method [1] , according to signature, we find a presentation for G 2 . We thus obtain the polygon We call D 1 , D 2 , D 3 the elements associated respectively to τ The reader should keep in mind that we are in the case where c is an odd number and 2 n−1 c = 2a + 2. It is not difficult to verify that j = 3 · 2 n−1 c − 2, for n > 3. For n = 3 we have a = 1 hence j = 2. The following proposition is a consequence. Proposition 2. For n > 3, G 2 has a presentation of the form (4.4)
Proof. Call G 2 to a group with presentation (4.4). First we will see that
In fact as D 4 has order 2 we have
but as c is an odd number we have 1 − 3 · 2 n c ≡ 2 n + 1 mod 2 n+1 . Therefore we may define an isomorphism Φ :
4.2. Classification of actions on S 1 and S 2 . In this section we will study the epimorphisms associated to the actions defined in the previous section. From now on we consider the notations as in theorem 2.3. Recall that in any case (abelian and no abelian) H 1 =< τ 1 > is a subgroup of Aut(S i ) for i = 1, 2, and acts with signature (0; 2 n+1 , 2 n+1 , 2 n , 2 n , 2 n ). Then there exist a Fuchsian group Γ 1,i with signature (0; 2 n+1 , 2 n+1 , 2 n , 2 n , 2 n ) and an epimorphism θ 1,i : Γ 1,i → H 1 . We consider for Γ 1,i a presentation according to your hyperbolic polygon associated
where for each j = 1, 2, 3, 4 we have x j,i is a positive minimal rotation.
Moreover there exists an isomorphisms f 1,i : ∆/K 1,i → S i , where
By the theorem 3.4 and the tables with the computes of δ P (case (1), case (4) , case (5)) we have that if
We may do the same process for H 2 =< τ 2 >. It follow there exist a Fuchsian group Γ 2,i with signature (0; 2 n+1 , 2 n+1 , 2 n , 2 n , 2 n ) and an epimorphism θ 2,i : Γ 1,i → H 2 . The group Γ 2,i has a presentation Γ 2,i = y 1,i , · · · , y 5,i : y Theorem 4.5. Assume that 2 n − 3a − 5 = 0 and a > 1 (case (4) and case (5) theorem 4.1). Then the actions induced by H 1 and H 2 on S i ∈ S i for each i = 1, 2, are directly topologically, but not conformally, equivalent, except for S i defined by λ = ±1 ± √ 2.
Proof. We consider the isomorphism Φ : H j → Z/2 n+1 Z and given by Φ(τ j ) = 1. With this isomorphism we may associate to each generating vector a 5-tuple of elements in Z/2 n+1 Z. Thus we have
• If c is an even number, then (a, a, 2a, 2, 2) ≡ (a, −3a − 4, 2a, 2, 2) mod 2 n+1 .
• If c is an odd number, then (a, a(2 n + 1), 2a, 2, 2) ≡ (a, −3a − 4, 2a, 2, 2) mod 2 n+1 .
By theorem 3.2 we have in these cases s = 1, then the actions are directly topologically equivalent. Now we will prove that for S i defined by λ = ±1 ± √ 2 the actions on S i are not conformally equivalent. We will follow the idea of the proof given by G.González-Diez and R.Hidalgo [8] in the case n = 2 with a = 1 and c = 2.
By contradiction we suppose that are conformally equivalent; that is, there exists σ on Aut(S i ) such that στ 1 = τ j 2 σ , where j is an odd number. Now we consider the holomorphic branched covering associated to the action of H 3 =< τ x and R(x) = π 2 T (x 0 ), with π 1 (x 0 ) = x. For T j : C −→ C (j = 1, 2) defined by T 1 (x) = −x and T 2 (x) = 1 x it has that T j π = πτ j (j = 1, 2). Remark that for each j, π j is the covering associated to the action T j . Using these properties we may prove R is a Möbius transformation. Recall T (π(B)) = π(B) = {0, ∞, 1, λ 2 , λ −2 } and T ({0, ∞}) = {1, −1}. Then we have (4.5) R {0, ∞, 1, λ 2 , λ −2 } = {∞, ±2, ± λ + λ −1 } , and R(0), R(∞) ∈ {2, −2}.
In the case R(0) = 2 , R(∞) = −2 and R(1) = ∞, we have R(z) = 2z + 2 −z + 1 . In particular, R(λ 2 ) = 2(λ 2 + 1) 1 − λ 2 , which must be (by (4.5) ) equal to ±(λ + λ −1 ).
From this, and the fact that λ 2 = 1, we deduce that λ = ±1 ± √ 2. In the other case we have the same values as before for λ. It follow that the action induced by H 1 and H 2 are not conformally equivalent for λ = ±1 ± √ 2.
Remark in the case (1), theorem 4.1 (n = 3 , a = 1 and c = 1), it follow the consequences of the preceding theorem. In this case the generating vectors are and the proof that the actions are not conformally equivalent is the same as that for the preceding theorem.
If λ = λ 0 = 1 + √ 2, then the automorphism σ is given by σ(x, y) = 1 − x 1 + x , √ 2 c ω 2 n+1 y (x + 1) c
In both cases (c is an even number or c is an odd number) the group generated by τ 1 , τ 2 and σ acts on the Riemann surfaces defined by λ 0 with signature (0; 2 n+1 , 2 n+1 , 4) .
